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Friction losses of Newtonian and non-Newtonian ﬂuids ﬂowing in laminar regime
in a helical coil
T.A. Pimenta, J.B.L.M. Campos a b s t r a c t
This study aimed to carry out experimental work to determine, for Newtonian and non-Newtonian ﬂuids, 
the friction factor (fc) with simultaneous heat transfer, at constant wall temperature as boundary condi-
tion, in fully developed laminar ﬂow inside a vertical helical coil. The Newtonian ﬂuids studied were 
aqueous solutions of glycerol, 25%, 36%, 43%, 59% and 78% (w/w). The non-Newtonian ﬂuids were aque-
ous solutions of carboxymethylcellulose (CMC), a polymer, with concentrations of 0.2%, 0.3%, 0.4% and 
0.6% (w/w) and aqueous solutions of xanthan gum (XG), another polymer, with concentrations of 0.1%
and 0.2% (w/w). According to the rheological study done, the polymer solutions had shear-thinning 
behavior and different values of viscoelasticity. The helical coil used has an internal diameter, curvature 
ratio, length and pitch, respectively: 0.00483 m, 0.0263, 5.0 m and 11.34 mm. It was concluded that the 
friction factors, with simultaneous heat transfer, for Newtonian ﬂuids can be calculated using expressions 
from literature for isothermal ﬂows. The friction factors for CMC and XG solutions are similar to those for 
Newtonian ﬂuids when the Dean number, based in a generalized Reynolds number, is less than 80. For 
Dean numbers higher than 80, the friction factors of the CMC solutions are lower those of the XG solu-
tions and of the Newtonian ﬂuids. In this range the friction factors decrease with the increase of the vis-
cometric component of the solution and increase for increasing elastic component. The change of 
behavior at Dean number 80, for Newtonian and non-Newtonian ﬂuids, is in accordance with the study 
of Ali [4]. There is a change of behavior at Dean number 80, for Newtonian and non-Newtonian ﬂuids, 
which is in according to previous studies. The data also showed that the use of the bulk temperature the phyKeywords:
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or of the ﬁlm temperature to calculate 
tion factor values.
1. IntroductionCoiled tubes of helical shape are widely
and have application in various industrie
petrochemical, mechanical, biomedical a
industries, they are used in a large range of
pasteurization, concentration, crystallizati
tion) and reaction. They are also used insical properties of the ﬂuid has a residual effect in the fric-
used as heat exchangers
s: chemical, biological,
mong others. In these
processes: sterilization,
on, separation (distilla-
transfer coefﬁcients. In addition, this equipment is low cost and 
of easy construction and maintenance.
The mixing characteristics are consequence of the development 
of secondary ﬂows along the tube, the so called Dean effect [1]. 
These secondary ﬂows appear due to the centrifugal force acting general purpose equip- on the ﬂuid elements. The difference in axial velocity among the 
ment, such as refrigeration, air conditioning and water heating.
The ﬂuids involved in these processes may have Newtonian or
ﬂuid elements ﬂowing in a cross-section leads to a centrifugal gra-
dient. Those elements ﬂowing in the center are projected, under non-Newtonian behavior.
The helical coils are widely used because they have large heat
transfer areas, they are compact, and above all, the geometry pro-
motes good mixing of the ﬂuids increasing the heat and mass
⇑ Corresponding author. Address: Rua António Bernardino de Almeida n 431,
4200-072 Porto, Portugal. Tel.: +351 228340500; fax: +351 228321159.the centrifugal force, into the outer wall direction of the coil, where 
they suffer a decrease of velocity. Afterwards, they return to the 
center of the tube, forming two, for the case of tubes with a circular 
cross-section, counter-rotation vortices, i.e., Dean cells [1]. This 
ﬂow pattern promotes the mixture of the ﬂuid elements. Studies 
have shown that these secondary ﬂows still have a stabilizing ef-
fect on the global ﬂow, promoting a higher critical Reynolds num-
ber for transition, from laminar to turbulent, than that in a straight 
tube.
There are several studies in the literature concerning the 
friction losses in helical coils for Newtonian and non-Newtonian
Nomenclature
aT shift factor
Cp heat capacity of the ﬂuid (J kg1 K1)
Cpwater heat capacity of the water (J kg1 K1)
Cpsyst mean heat capacity of the system (oil, coil and tank)
(J kg1 K1)
dc coil diameter (m)
dc/di curvature of the coil
deq equivalent diameter of the coil (m)
di inside tube diameter (m)
f fanning friction factor of Newtonian and non-Newto-
nian ﬂuids ﬂowing inside a straight tube for laminar re-
gime
fc fanning friction factor of Newtonian and non-Newto-
nian ﬂuids ﬂowing inside of the coil for laminar regime
G0 storage module (Pa)
G00 loss module (Pa)
K consistency index of the ﬂuid (Pa sn)
kf thermal conductivity of the ﬂuid (Wm K1)
Lcoil length of the coil (m)
msyst mass of oil, coil and tank (kg)
_m mass ﬂow inside the coil (kg s1)
_mwater mass ﬂow of water inside the coil (kg s1)
n power-law index of the ﬂuid (index of behavior)
nt number of turns of the coil
p pitch of the coil (m)
P pressure (N m2)
t time (s)
T temperature (K)
T0 reference temperature (K)
Tamb ambient temperature (C)
Te inlet temperature of the ﬂuid in the coil (C)
Tf mean ﬁlm temperature of the ﬂuid (C)
Tle external surface temperature of the lateral wall of the
agitation tank (C)
Tli internal surface temperature of the lateral wall of the
agitation tank (C)
Tm mean temperature of the ﬂuid (bulk temperature) (C)
Toil bulk oil temperature (C)
Ts exit temperature of the coil (C)
Tte external surface temperature of the top wall of the agi-
tation tank (C)
Tti internal surface temperature of the top wall of the agi-
tation tank (C)
Tw internal wall temperature of the coil (C)
v mean velocity of the ﬂuid (m s1)
(UA)losses global heat transfer coefﬁcient from the liquid to
the ambient air times the internal area of the tank
(W K1)
DP pressure drop of the ﬂuid in the coil (Pa)
Greek symbols
c strain
_c shear rate (s1)
g viscometric viscosity (Pa s)
k relaxation time (s)
q density (kg m3)
x angular frequency (s1)
Dimensionless numbers
De Dean number
De(g) modiﬁed Dean number
Eu Euler number
Grhc geometric number
He Helical number
Pr Prandtl number
Pr(g) modiﬁed Prandtl number
Prw Prandtl number at wall temperature of the tube
Re Reynolds number
Rec critical Reynolds number
ReIc , Re
II
c critical Reynolds numbers I, II
Reg generalized Reynolds number
Wi Weissenberg number
Acronyms
CMC carboxymethylcellulose
PAA polyacrylamide
PEO polyethylene oxide
MHC modiﬁed hart correlation
w/w percentage by weight
XG xanthan gumﬂuids. The friction factor for a ﬂuid, Newtonian or non-Newtonian,
ﬂowing in a helical coil is larger than that for the same ﬂuid ﬂow-
ing in a straight tube under the same conditions. Zhou and Shah [2]
and Naphon and Wongwises [3] did extensive and critique reviews
of theoretical and experimental studies about ﬂow in curved pipes,
Newtonian and non-Newtonian ﬂuids, single and also diphasic
ﬂows. Reviewing these works, it is straightforward that there is a
limited knowledge concerning the friction factor for non-
Newtonian ﬂuids ﬂowing in coils, in particular about the effect of
the viscoelasticity of the ﬂuid. In the case of Newtonian ﬂuids,
there are still aspects not yet fully understood, including geometric
effects and classiﬁcation of ﬂow regimes [4,5].
Most of the frictional pressure drop studies of ﬂuids ﬂowing in-
side helical coils have been performed in isothermal conditions.
However, coils are used in heat exchange equipment. The main dif-
ference in the frictional pressure drop between isothermal and
non-isothermal ﬂows comes from the change of the velocity proﬁle
by temperature gradient effects. Seban and McLaughlin [6] con-
ducted experiments to determine the friction factor for Newtonian
ﬂuids, in laminar and isothermal ﬂows and also with simulta-
neously heat transfer for the condition of constant heat ﬂux inthe wall. To calculate the physical properties, these authors used
the mean temperature of the ﬁlm, Tf, and they obtained similar re-
sults for isothermal and non-isothermal ﬂow conditions. Rogers
and Mayhew [7] performed identical studies but under the condi-
tion of constant wall temperature. These authors presented the
following expression which relates the frictions factors for isother-
mal, f Ic , and non-isothermal, f
NI
c , ﬂows:
f Ic ¼ f NIc ðPr=PrwÞ1=3 ð1Þ
where Pr and Prw, are, respectively, the Prandtl numbers calculated
at the bulk temperature of the ﬂuid and at the inner wall tempera-
ture of the coil.
Schmidt [8] also studied the pressure drop for laminar ﬂow of
Newtonians ﬂuids inside helical coils for isothermal and
non-isothermal conditions under constant wall temperature. He
concluded that the physical properties should be determined at
the mean ﬁlm temperature.
The conclusions of the different studies, in particular for Newto-
nian ﬂuids, are multiple and, sometimes divergent, as is the case of
the works of Ali [4] and Cioncolini and Santini [5] which refer the
existence of two sub-regimes in the laminar ﬂow.
Besides the intention to clarify these divergent conclusions for
Newtonian ﬂuids, the main objective of the present study is to ﬁnd
accurate pressure drop correlations for non-Newtonian ﬂuids ﬂow-
ing in helical coils with simultaneous heat transfer and particularly
to study the contribution of the elastic component.
The next item describes a detailed literature review, with par-
ticular emphasis on the work done under identical conditions of
the present study.
1.1. Review for Newtonians ﬂuids
The expressions that are listed, chronologically, in Table 1 allow
the calculation of the friction factors for laminar ﬂow, isothermal
and fully developed Newtonian ﬂuids circulating inside helical
coils, fc. Most of these expressions are expressed in terms of the
friction factor for laminar ﬂow in straight tubes (f = 16/Re).
In the table De represents the Dean number given by:
De ¼ Reðdi=dcÞ1=2 ð2Þ
where Re is the Reynolds number, Re = q v di/g, and v, q, and g are,
respectively, the mean velocity, the density and the viscometric vis-
cosity of the ﬂuid.
1.2. Review for non-Newtonians ﬂuids
For non-Newtonian ﬂuids in helical coils, some of the studies,
among the few in the literature, about friction factor in fully devel-
oped laminar ﬂows are presented in the Table 2.
The friction factor in a straight tube for fully developed laminar
ﬂow of non-Newtonian ﬂuids, which follow the power law, is given
by the same expression of Newtonian ﬂuids, but based in the gen-
eralized Reynolds number of Metzner [19], f = 16/Reg:
Reg ¼ d
n
i v2nq
K 1þ3n4n
 n8n1 ð3ÞTable 1
Literature pressure drop correlations for Newtonian ﬂuids.
Author Correlation Condit
White [9]
fc ¼ f 1 1 11:6De
 0:45h i2:2 1 Isothe
Empir
di/dc: 1
Ito [10]
fc ¼
344 dcdi
 0:5
1:56þlog10 Re dcdi
 0:5 	 5:73
Isothe
Empir
13:5ðd
Mori and
Nakayama
[11]
fc=f ¼ 0:1080De1=21 3:253
De1=2
Isothe
Theore
13.5 <
Schmidt [8]
fc=f ¼ 1þ 0:14 didc
 0:97
Re½10:644ðdi=dcÞ
0:312 
 	
Simult
Empir
proper
Tarbell and
Samuels
[12]
fc=f ¼ 1þ 0:0008279þ 0:007964 didc
 
Re 2:096 107Re2 Isothe
Manlapaz and
Churchill
[13]
fc=f ¼ 1 0:18 1þ 35He
 2h i1=2 m þ 1þ di3dc
 2
He
88:33
 1=2 Isothe
Theore
respecHe ¼ De
1þ ppdc
 2h i1=2 Helical number
Hart et al. [14] fc=f ¼ 1þ 0:090De1:570þDe
h i
Isothe
Theore
with 1
Ali [4] (a) EuGrhc ¼ 21:88Re0:9 Isothe
(b) EuGrhc ¼ 5:25Re2=3 Theore
numbe
0.0445
Eu ¼ DP=ð2qv2Þ Euler number
Grhc ¼ d
0:85
i d
0:15
eq
Lcoil

 
Geometric group
deq ¼ ½p
2þðpd2c Þ
p
h i1=2
¼ Lcoilntp Equivalent diameter of the coilwhere K and n are, respectively, the consistency index and the
behavior index of the ﬂuid.2. Experimental
2.1. Experimental set-up
Table 3 presents the dimensions of the copper coil used in this
study. Fig. 1 shows a ﬂow diagram of the experimental set-up used
to determine the friction losses, with simultaneous heat transfer,
for the condition of constant wall temperature. The ﬂuid circulated
in a close loop from a ﬁrst tank, where the temperature was con-
trolled and set constant at 20 C by means of a heat pump and a
refrigerator, to inside the copper coil. The coil was submerged in
a bath of oil mechanically agitated placed in another tank as de-
picted in Fig. 1. This tank was thermally isolated and was provided
with a heating system and a temperature controller. The experi-
mental set-up had a centrifugal pump, a transducer to measure
the pressure drop of the ﬂuid inside the helical coil (uncertainty
0.028% full scale (0–6 bar)), an electromagnetic ﬂowmeter (uncer-
tainty of 1.2% of the volumetric ﬂow), several thermometers T type
and Pt100 type (maximum uncertainty of 0.3 C) and a data acqui-
sition system (OMEGA PCI 1602 and Validyne UPC601-T).
The oil, where the coil was immersed, was a mineral oil used for
heat transfer, and it was accompanied by a technical sheet with the
physical properties.
The heat transfer boundary condition was constant wall tem-
perature (Tw) due to the high rotational velocity of the stirrer
(1100 min1) and, by consequence, to the low heat transfer resis-
tance from the bath to the internal wall of the coil. This boundary
condition was validated comparing temperatures measured at the
wall of the coil (two positions) and at the oil bath. The relative dif-
ference was never higher than 4%.
The experimental rig was validated calculating, with experi-
mental data, both sides of the energy balance equation applied toions
rmal ﬂow,
ical correlation,
5, 50 and 2050
rmal ﬂow,
ical correlation,
c=diÞ0:5 6 Re 6 2000 1þ 13:2ðdc=diÞ0:6
h i
;5 6 dc=di 6 2000
rmal ﬂow,
tical correlation,
De < 2000
aneous heat transfer/constant wall temperature,
ical correlation, di about 7 mm, 0.01233 < di/dc < 0.20352, 100 < Re < Rec, physical
ties at Tf
rmal ﬂow, theoretical correlation, zero pitch (torus), 3 < dc/di < 30, 20 < Re < 500
rmal ﬂow,
tical correlation, m is 2, 1 and 0 for De < 20, 20 < De < 40 and De > 40,
tively. That expression gives a maximum value of the friction factor for zero pitch
rmal ﬂow,
tical correlation, di = 14.66 ± 0.04 mm, dc = 421 ± 2 mm, tube length of 17 m, coil
2 turns
rmal ﬂow,
tical correlation, (a) Re < ReIIc , (b) Re
II
c < Re < Re
I
c , Re
II
c (ﬁrst critical Reynolds
r) is 500, ReIc (second critical Reynolds number) is 6300, 0.027 < di/dc < 0.052,
< p/dc < 0.43
Table 2
Literature pressure drop correlations for non-Newtonian ﬂuids.
Author Correlation Conditions
Mashelkar and
Devarajan [15]
fc ¼ ð9:069 9:438nþ 4:374n2Þ didc
 0:5
De0:768þ0:122nðgÞ

 
Isothermal ﬂow
Theoretical correlation
DeðgÞ ¼ Reg didc
 0:5 Inelastic solutions of CMC and suspensions of kaolin, which follow
the power law
0 6 DeðgÞ 6 400, 0.01 6 di/dc 6 0.135 and 0:358 6 n 6 1
Mashelkar and
Devarajan [16]
fc ¼ ð9:069 9:438nþ 4:374n2Þ didc
 0:5
De0:768þ0:122nðgÞ

 
ð1 0:03923Wi0:2488Þ Isothermal ﬂow
Empirical and theoretical correlation
Wi ¼ kvdi Weissenberg number Elastic power law ﬂuids: polyacrylamide (PAA) solutions and
polyethylene oxide (PEO) solutions 0 6 DeðgÞ 6 400, 0.01 6 di/
dc 6 0.135 and 0:35 6 n 6 1
40 < Wi < 950
Mishra and Gupta
[17]
fc=f ¼ 1þ 0:033ðlog10DeðgÞÞ4 Isothermal ﬂow
Empirical correlation
CMC solutions
dc/di 25.16 and 1316.5
0:71 6 n 6 0:91
(Also for Newtonian ﬂuids)
Kawase and
Mooyoung [18] (a) fc=f ¼ 116 Cnð2nÞ22ð4nÞpn
2 3
2
 2nð1þnÞ
An
2 1þ3n
4n
 2nDe2nðgÞ didc
 nð1nÞ 	1=½2ð1þnÞ
A ¼ 28039 ð1þ nÞ 32
 n
Isothermal ﬂow
Theoretical correlation
Inelastic power law ﬂuids
(b) fc=f ¼ 0:0925C1=4De1=2 C = 0.42
(b) for n = 1
Table 3
Dimensions of the helical coil of copper.
Average of the measured values
Internal coil diameter (mm) 167.79 ± 1.21
External coil diameter (mm) 179.47 ± 1.27
Coil height (mm) 111.11 ± 0.85
Distance between turns (mm) 4.99 ± 0.09
Angle of the turns () 3.17 ± 0.19
Inside diameter of the tube (mm) 4.32 ± 0.05
External diameter of the tube (mm) 6.35 ± 0.05
Internal diameter of the ﬁttings (mm) 4.01 ± 0.03
Length of the coil tube (m) 5.5
Coil pitch (mm) 11.34
Number of turns 9.4the cooling of the bath, by water ﬂowing in the coil, in unsteady
conditions:
ðmsystCpsystÞ
dToil
dt
ðUAÞlossesðToilTambÞ¼ _mwaterCpwaterðTsTeÞ ð4ÞFig. 1. Scheme of the experimental set-up. The temperature meters are: Toil for the oil tem
and Tli for the external and internal surface of the lateral wall of the tank, respectively; Tte
and Tamb for the ambient temperature; DP is the pressure drop of the ﬂuid inside the heThe Fig. 2 shows the results of the experimental rig validation.
2.2. Characterization of the ﬂuids
The Newtonians ﬂuids were aqueous solutions of glycerol (w/
w) of 25%, 36%, 43%, 59% and 78% and the non-Newtonians ﬂuids
were aqueous solutions of carboxymethylcellulose (CMC), 0.1%,
0.2%, 0.3%, 0.4% and 0.6% (w/w), with molar mass
3  105 kg kmol1 (Hercules 7H4C), and aqueous solutions of xan-
than gum (XG), 0.1% and 0.2% (w/w), with molar mass
2  106 kg kmol1 (Kelko keltrol TF). The values of the physical
properties of the glycerol solutions were obtained through litera-
ture and the determination of the viscosity was done in a rotational
viscometer. The physical properties of the non-Newtonian solu-
tions, except the rheological properties, were taken as identical
to those of pure water [20–22].
2.2.1. Rheological characterization of the non-Newtonians ﬂuids
The viscous and elastic components of the non-Newtonian
solutions were characterized in a cutting edge rheometer markperature; Te and Ts for the ﬂuid at the entrance and exit of the coil, respectively; Tle
and Tti for the external and internal surface of the top wall of the tank, respectively;
lical coil.
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Fig. 2. Results of the experimental energy balance, Eq. (2), for rig validation; the
line is at 45.
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Fig. 4. Viscometric viscosity (g) vs. shear rate ( _c) for the solutions 0.1% and 0.2% XG
at 20 C.
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Fig. 5. Loss (G00) and storage (G0) modules vs. angular frequency (x) from oscillatory
tests, for the solution 0.3% (w/w) CMC, 20 and 40 C.
1
'' (
Pa
)PHYSICA model MCR30 and the geometry used was that of cone-
plate. The viscometric viscosity was determined as a function of
the shear rate through shear tests at steady state and the elastic
component through the dissipation module (G00) and the storage
module (G0) in oscillatory cutting tests.
The rheological tests were performed at temperatures between
20 C and 40 C, according to the range of temperature of the ﬂuids
ﬂowing inside the coil. It was used the method of reduced proper-
ties described by Bird et al. [23] to obtain the shift factor, aT. This
factor was calculated for each of the solutions and enables the
knowledge of the rheological properties at a desired temperature
knowing the properties at a reference temperature (T0).
The ﬂuids studied exhibited shear-thinning behavior, well rep-
resented by the power law model in the range of shear rates used
to calculate the friction factor, and behavior index (n) independent
of the temperature.
Figs. 3–6 present some of the results of the tests done to obtain
the parameters of the power law (viscous component) and of the
relaxation time (elastic component). Figs. 3 and 4 present, for
20 C, the shear-thinning behavior of all solutions of CMC and XG
studied, respectively. Figs. 5 and 6 show the variation of the stor-
age and loss modules with the angular velocity for 0.3% (w/w)
CMC and 0.2% (w/w) XG solutions. Furthermore, they illustrate
the variation of these modules with the temperature. Table 4
shows the results of the power law parameters (n and K) for all
solutions studied and the ranges where they are valid. Table 5
shows the relaxation times obtained from the loss (G0) and storage1 10 100 1000
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Fig. 3. Viscometricviscosity (g) vs. shear rate ( _c) for the solutions 0.1%, 0.2%, 0.3%,
0.4%, 0.6% CMC at 20 C.
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Fig. 6. Loss (G00) and storage (G0) modules vs. angular frequency (x) from oscillatory
tests, for solution 0.2% (w/w) XG, 20 and 40 C.(G00) modules at the reference temperature (T0) and also data from
creep tests, these, obtained by Coelho and Pinho [24]. As shown in
Table 5, the elasticity increases with the concentration of the solu-
tions and it is greater for the solutions of XG. This increase can be
veriﬁed in Figs. 5 and 6 where it is observed an approach of the val-
ues of the modules G0 and G00 for the solution 0.2% of XG.
Table 4
Consistency and behavior indexes for the solutions of CMC and dXG.
Solutions (%) (w/w) K a 20 C (Pa sn) K a 40 C (Pa sn) n Range of _c (s1)
CMC 0.1 0.008 0.004 0.90 100–4000
0.2 0.082 0.045 0.70
0.3 0.189 0.109 0.63
0.4 0.376 0.227 0.58
0.6 1.005 0.615 0.52
XG 0.1 0.079 0.047 0.55 10–1000
0.2 0.370 0.255 0.39
Table 5
Relaxation time for CMC and XG solutions at the reference temperature T0 = 30 C.
CMC XG
Solutions (%)
(w/w)
0.1 0.2 0.3 0.4 0.6 0.1 0.2
Relaxation time k
(s)
0.064 0.162 0.346 0.488 1.086 2.933 3.4192.3. Experimental conditions
Table 6 shows the ranges of Reynolds, Dean, Prandtl and Helical
numbers for the different glycerol solutions. For all the studied
conditions, the minimum (m) and maximum (M) heat ﬂuxes be-
tween the oil and the ﬂowing glycerol solutions were, respectively,
67 and 131 kWm2.
For the CMC and XG solutions, the range of the generalized
Reynolds, Reg, modiﬁed Dean, De(g), modiﬁed Prandtl, Pr(g), and
Weissenberg, Wi, numbers are presented in Tables 7 and 8. For
all the CMC solutions the minimum (m) and maximum (M) heat
ﬂuxes between the oil and the solution were, respectively, 2.5
and 11 kWm2 and for the XG solutions, 4 and 8 kWm2.
The generalized Reynolds number and modiﬁed Prandtl, Pr(g)
which are going to be referred along this work are deﬁned as
follows:
Reg ¼ d
n
i v2nqT0
anTK
1þ3n
4n
 n8n1T ð5Þ
PrðgÞ ¼ Cpkf K
v
di

 n1 3nþ 1
4n

 n
8n1anT
T
T0
ð6Þ
where Cp and kf, are, respectively, the heat capacity and the thermal
conductivity of the ﬂuid.
The dimensionless numbers presented in Tables 6–8 were ob-
tained from 350 different experimental conditions.
2.4. Friction factor, fc, calculation method
The friction factor for the ﬂuid in circulation inside the coil, fc,
was calculated with the following equation:Table 6
Reynolds, Dean, Prandtl and Helical numbers for the glycerol solutions.
Glycerol solutions % (w/w) 78
Re m 45
M 357
De m 7
M 58
Pr m 160
M 353
He m 7
M 58fc ¼ DPd
5
i qp2
32Lcoil _m2
ð7Þ
where _m is the ﬂuid mass ﬂow and Lcoil the length of the coil.
The ﬂuid properties were determined at the mean temperature,
Tm, between the temperature of the ﬂuid at the entrance, Te, and
exit, Ts, of the coil, Eq. (8), and at the mean ﬁlm temperature, Tf, be-
tween the internal temperature of the coil and the mean tempera-
ture Tm, Eq. (9):
Tm ¼ Te þ Ts2 ð8Þ
Tf ¼ Tw þ Tm2 ð9Þ
The internal temperature of the coil was taken equal to the tem-
perature of the oil of the bath; very low resistance to the heat ﬂux
in the oil and a very conductive material (coil of cooper). The value
of the critical Reynolds number, Rec, used to deﬁne the transition
from laminar to turbulent ﬂow inside the coil was 6240 according
to Ito [10].
The velocity and temperature proﬁles at the entrance of the coil
are in development, according to Nigam et al. [25], along a distance
equal to 30 diameters of the tube, i.e., 18% of the total length of the
coil. However, the development of these proﬁles is not as in
straight tubes, they suffer cyclic oscillations around the ﬁnal veloc-
ity and temperature proﬁles before stabilization [25]. These inlet
effects on the friction lost coefﬁcient were neglected in the present
study.
3. Results
3.1. Newtonian ﬂuids
The friction factors were obtained experimentally, Eq. (7), using
the mean temperature (Tm), Eq. (8), and the mean ﬁlm temperature
(Tf), Eq. (9), to determine the physical properties of the ﬂuids. The
results obtained for all the glycerol solutions and the friction factor
for a straight tube are presented in Fig. 7.
In Figs. 8 and 9, the experimental data obtained for the friction
factor of the glycerol solutions are compared, respectively, with the59 43 36 25
195 423 547 765
1588 4159 6022 6293
32 69 89 124
257 674 976 1020
39 20 14 10
75 32 22 16
32 69 89 124
257 674 976 1020
Table 7
Generalized Reynolds, modiﬁed Dean, modiﬁed Prandtl and Weissenberg numbers for the CMC solutions.
Solutions of CMC % (w/w) 0.2 0.3 0.4 0.6
Reg m 656 101 26 41
M 3004 1384 1035 536
De(g) m 106 16 4 7
M 487 224 168 87
Pr(g) m 35.4 57.0 77.0 118.5
M 48.5 103.7 202.9 260.8
Wi m 40 25 17 82
M 147 245 343 559
Table 8
Generalized Reynolds, modiﬁed Dean, modiﬁed Prandtl and Weissenberg numbers for
XG solutions.
Solutions of XG % (w/w) 0.1 0.2
Reg m 412 207
M 6759 4873
De(g) m 67 34
M 1096 790
Pr(g) m 11.0 17.0
M 25.0 50.0
Wi m 90 100
M 865 988
10 100 1000
0.01
0.1
Exp. T
m
 Hart et al. (1988)
f c
De
Fig. 8. Friction factor (fc) vs. Dean number (De). Comparison between data from
glycerol solution experiments (Tm) with data given by Hart et al. [14].
0.01
0.1
Exp. Tf
 Schmidt (1967)
f c
data of Hart et al. [14], physical properties determined at Tm and of
Schmidt [8], physical properties determined at Tf.
Table 9 shows the mean deviation, and standard deviation, be-
tween the experimental values of this work and the values ob-
tained with the selected literature correlations.
Among the correlations in Table 9, it was chosen that of Hart
et al. [14] to ﬁt the experimental data of this work. The equation
obtained, using the tool Solver/Excel, is:
fc ¼ f 1þ aDe
b
70þ De
" #
ð10Þ
with a and b, respectively, 0.028 and 1.68.
Hart [14] correlation was selected because: it covers the entire
laminar ﬂow range; when the Dean number tends to zero, the fric-
tion factor tends to the observed value in a straight tube (f); and
the mean error in Table 9 is low. The ﬁtting equation is important
to compare the results of Newtonians ﬂuids with those with CMC
and XG solutions obtained in identical experimental conditions.10 100 1000 10000
0.01
0.1
 Exp. T
m
 Exp. Tf
 16/Re
f c
Re
Fig. 7. Experimental friction factor (fc) vs. Reynolds number (Re) for all the glycerol
solutions determined at Tm and Tf for the helical coil and for a straight tube (f = 16/
Re).
10 100 1000
De
Fig. 9. Friction factor (fc) vs. Dean number (De). Comparison between data from
glycerol solution experiments (Tf) with data given by Schmidt [8].
Table 9
Mean and standard deviation of the difference between experimental friction factor
data and data obtained from the correlations in literature for glycerol solutions.
Mean ± standard deviation (%)
White [9] 4.7 ± 3.8
Ito [10] 6.0 ± 4.1
Mori and Nakayama [11] 11.0 ± 9.0
Schmidt [8] 8.6 ± 4.6
Tarbell and Samuels [12] 8.0 ± 3.7
Manlapaz and Churchill [13] 6.0 ± 4.9
Hart et al. [14] 5.0 ± 3.7
10 100 1000
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f c
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 (MHC)
 Mishra & Gupta (1979)
 Mashelkar & Devarajan (1976a)
 Kawase & Mooyoung (1987)
Fig. 11. Friction factors (fc) vs. generalized Dean number (Deg) for non-Newtonians
ﬂuids based on the works of Mishra and Gupta [17], Mashelkar and Devarajan [15]
and Kawase and Mooyoung [18]. Comparison with MHC predictions.
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Fig. 12. Experimental friction values (fc) vs. generalized Dean number (Deg), with
physical properties at Tm, for 0.2%, 0.3%, 0.4% and 0.6% (w/w) CMC solutions and
comparison with MHC predictions.It will be designated from now on by Modiﬁed Hart Correlation
(MHC).
Fig. 10 represents the ﬁt of the experimental values, taking into
account the study of Ali [4].
3.2. Non-Newtonian ﬂuids
Fig. 11 compares data from the correlations selected in the lit-
erature for non-Newtonian ﬂuids [17,15,18] with predictions of
MHC, Eq. (10). Figs. 12–17 present the experimental results and
their comparison with data from the correlations selected in the
literature for non-Newtonian ﬂuids. Fig. 18 compares the friction
factors, for all CMC and XG solutions, calculated with physical
properties at the mean temperature and at the mean ﬁlm temper-
ature. Fig. 19 shows the study of Ali (2001) [4] applied to CMC, XG
solutions and also MHC data.
3.3. Uncertainty analysis of the results
The mean and standard deviations of the relative uncertainties
of all the experimental friction factors, Newtonian and non-Newto-
nian ﬂuids, are 5.60 ± 0.20%. This uncertainty includes the variable
physical properties corrections due to heating effects.
4. Discussion of the results
4.1. Newtonians ﬂuids
Fig. 7 shows the experimental data of the friction factor vs. Rey-
nolds number for the solutions of glycerol; physical properties cal-
culated at the mean temperature of the ﬂuid, Tm, and also at the
mean temperature of the ﬁlm, Tf. It can be observed that for Tm
and values of the Reynolds number lower than 120 (De = 20), the
friction factors, for the helical coil, are very similar to those in a
straight tube, i.e., the viscous forces determined the ﬂow pattern
and the effect of the centrifugal force is not noticeable. For Rey-
nolds number greater than 120, the friction factor values, for the
helical coil, start to deviate to higher values. The deviation rate in-
creases for Reynolds numbers higher than, approximately, 500.
This higher deviation rate is justiﬁed by the increasing effect of
the centrifugal force in the ﬂow pattern. Still in Fig. 7, it can be ob-
served that for Reynolds number less than 190 (De = 30), the fric-
tion factor values calculated at Tf are higher than those at Tm.
Furthermore, for Dean number greater than 30, the values are prac-
tically independent of the temperature chosen to calculate the100 1000
0.01
0.1
 45 < Re < 500
 18.29Re-0.9
 500 < Re < 6300
 1.64Re-0.5
Eu
G
rc
h
Re
Fig. 10. Product of the Euler number (Eu) by the geometric number (Grhc) vs.
Reynolds number (Re) for the experimental results of the glycerol solutions at Tm.
The ﬁt equations are in accordance to Ali [4].physical properties. Once more, this behavior stresses the impor-
tance of the viscous forces in the ﬂow for low Reynolds number.10 100
0.01
0.1
 CMC
 Mashelkar & Devarajan (1976a)
 Mashelkar & Devarajan (1976b)
f c
De(g)
Fig. 13. Experimental friction values (fc) vs. generalized Dean (Deg) number, with
physical properties at Tm, for all CMC solutions and comparison with predictions
from Mashelkar and Devarajan [15,16].
1000100
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 Kawase & Mooyoung (1987) 
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Fig. 14. Experimental friction values (fc) vs. generalized Dean number (Deg), with
physical properties at Tm, for 0.2%, 0.3% and 0.4% (w/w) CMC solutions and
comparison with Kawase and Mooyoung [18] predictions.
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Fig. 15. Experimental friction values (fc) vs. generalized Dean number (Deg), with
physical properties at Tm, for 0.1% and 0.2% (w/w) solutions of XG and comparison
with MHC predictions.
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Fig. 16. Experimental friction values (fc) vs. generalized Dean number (De(g)), with
physical properties at Tm, for solutions of XG and comparison with Mashelkar and
Devarajan [15,16] predictions.
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Fig. 17. Experimental friction values (fc) vs. generalized Dean number (De(g)), with
physical properties at Tm, for 0.1% and 0.2% (w/w) solutions of XG and comparison
with Kawase and Mooyoung [18] predictions.
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Fig. 18. Experimental friction factors (fc) vs. generalized Dean number (De(g)), with
physical properties at Tm and at Tf for the solutions: (a) CMC and (b) XG.As shown in Table 9, the friction factor values obtained with
glycerol solutions ﬂowing with simultaneous heat transfer, con-
stant wall temperature as boundary condition, are similar to thoseobtained with the theoretical correlations of Mori Nakayama [11],
Tarbell and Samuels [12] and Manlapaz and Churchill [13] and to
those obtained with the experimental correlations of White [9],
Ito [10] and Hart et al. [14]; all of them valid for isothermal ﬂow
and physical properties calculated at the mean temperature of
the ﬂuid.
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Fig. 19. Product of Euler number (Eu) by geometric number (Grhc) vs. generalized
Reynolds number (Reg) for all solutions of CMC and XG at Tm. Solid lines represent
ﬁt equations according to Ali [4].Fig. 8 shows the comparison between the results obtained with
the glycerol solutions and those from Hart et al. [14]. Although the
correlation of Hart was obtained in isothermal conditions, the re-
sults are very similar. The reduced temperature increase of the
ﬂuid between the inlet and outlet of the coil justify this similarity.
Therefore, the correlation of Hart was selected to ﬁt the data of this
work; the reasons were already explained above and the ﬁtting
equation, Eq. (10), has been designated by Modiﬁed Hart Correla-
tion (MHC). The empirical correlation of Schmidt [8], whose results
are shown in Fig. 9, is valid for simultaneous heat transfer at con-
stant wall temperature (physical properties calculated at the mean
temperature of the ﬁlm). Although the boundary condition is the
same, the mean deviation between the results of Schmidt and
those of the present work is higher (8.6 ± 4.6%) than the mean
deviation with Hart data (5.0 ± 3.7%).
Ali [4] refers that, in low laminar regime, the effect of the main
axial ﬂow on the pressure drop overlaps the effect of the secondary
ﬂow. When Reynolds number is higher than 500, once more fol-
lowing Ali, there is a continuous increase of the intensity of the
secondary ﬂowwith Reynolds number and its effect in the pressure
drop becomes appreciable. The increasing ratio, observed in Fig. 7,
between the pressure drop in the coil and that in a straight tube,
conﬁrms these ﬁndings of Ali. In Fig. 10, the experimental data of
this work are ﬁtted with an equation of the type EuGrhc = aReb
and the following conclusions can be taken:
– Ali’ correlation for Re < 500 is EuGrhc = 21.88Re0.9 while the ﬁt-
ting equation has very similar coefﬁcients, EuGrhc = 18.29Re0.9;
– Ali’ correlation for 500 < Re < 6300 is EuGrhc = 5.25Re2/3 while
the ﬁtting equation has slightly different coefﬁcients,
EuGrhc = 1.64Re0.5.
In resume, the experimental data of the present work for
Newtonians ﬂuids are well represented by the Modiﬁed Hart Cor-
relation (MHC) but they are also well represented by the equations
presented by Ali [4] considering two regimes in the laminar range.
This behavior will be taken on account in the analysis of the
non-Newtonian ﬂuids data
4.2. Non-Newtonians ﬂuids
The friction factors (fc) obtained for the solutions of glycerol are
similar, Fig. 11, to those obtained with the experimental correlationof Mishra and Gupta [17], which is valid for Newtonian and also
non-Newtonian shear-thinning ﬂuids, with ﬂow behavior index
greater than 0.71. The results of Rohsenow et al. [21] also conﬁrm
this agreement is. In Fig. 11, it can also be observed that the values
of the friction factors obtained with the correlation of Mashelkar
and Devarajan [15], valid for shear-thinning ﬂuids, are lower than
those from Mishra and Gupta, a deviation about 20%. Still in
Fig. 11, it is represented data from the work of Kawase and
Mooyoung [18], a theoretical correlation valid for non-Newtonian
ﬂuids that follow the power law. These data are similar to those
of Mashelkar and Devarajan [15], i.e., both lower than the results
obtained with Mishra and Gupta correlation.
The experimental friction factors obtained with CMC solutions
are of the order of magnitude of those obtained with the glycerol
solutions until Dean numbers, based on a generalized Reynolds
number, around 80 (Fig. 12). For values of De(g) above 80, the CMC
values are progressively lower. Themeandeviation is 10%,with neg-
ligibledeviations forDe(g) less than80and increasingdeviations, to a
maximum of 20%, for values of De(g) higher than 80. According to
these results, the shear thinning behavior seems to have increasing
effect in the range of inﬂuence of the secondary ﬂow.
The theoretical equation of Mashelkar and Devarajan [15] is
valid for isothermal ﬂow of inelastic non-Newtonian ﬂuids that fol-
low the power law and for 70 < De(g) < 400. This equation depends
on the ﬂow behavior index and ﬁts well the results of the solutions
of CMC studied in this work (Fig. 13). The mean and standard devi-
ations are 6.9 ± 3.8%.
The correlation of Mashelkar and Devarajan [16] accounts for
the elasticity of the ﬂuids, through the Weissenberg number, and
provides a reduction of the friction factor values for increasing
elasticity. As can be seen, also in Fig. 13, the results obtained with
this correlation are lower than the experimental results of the CMC
solutions, the mean and standard deviation of 11.6 ± 4.9%. The low
elasticity behavior of the CMC solutions justiﬁes this increase.
In Fig. 14 are compared the results obtained with the solutions
of CMC with those obtained with the correlation of Kawase and
Mooyoung [18] for non-Newtonian ﬂuids. They are very similar,
being the mean and standard deviations, for all concentrations,
3.2 ± 1.4%.
The experimental friction factors obtained with XG solutions
are of the order of magnitude of those for the glycerol for all the
range of the Dean number (Fig. 15).
Figs. 16 and 17 show the comparison between the experimental
results obtained with XG solutions and those obtained with the
correlations of Mashelkar and Devarajan [15], Mashelkar and
Devarajan [16] and Kawase and Mooyoung [18]. The experimental
data are higher, being the deviations respectively, 14.6 ± 5.2%,
31.5 ± 5.2% and 19.2 ± 2.1%. It should be noted that the results of
Mashelkar and Devarajan [16] were obtained in a range of Weiss-
enberg numbers identical to those of the present work. These
authors predicted a decrease of the friction factor with an increase
of the viscoelasticity. For the XG solutions of this work, the oppo-
site behavior was observed. The temperature effects on the ﬂow
pattern can be a plausible justiﬁcation but a deﬁnitive answer
can only be given after a detailed experimental analysis of the ﬂow
patterns of an elastic ﬂuid inside the coil.
By comparing CMC andXG results, it is veriﬁed that they are sim-
ilar until generalized Dean number around 80 and lower for values
greater than 80. The differences between the rheological properties
of the solutions are the index of behavior, lower for the XG solutions
as it is shown in Table 4, and the relaxation time, higher for the XG
solutions as it is shown in Table 5. The Weissenberg numbers, for
these solutions, are in Tables 7 and 8 and the highest values are for
0.6% CMC and XG solutions. Oncemore, the difference in the friction
factors values appears when the centrifugal force becomes impor-
tant in the development of the ﬂow.
Fig. 18 shows that the results are not sensitive to the tempera-
ture at which the physical properties of the solutions are deter-
mined (Tm and Tf). Again, it should be stressed the low difference
between outlet and inlet temperatures in the coil.
Although the study of Ali [4], related to different regimes in lami-
nar ﬂow,was developed forNewtonianﬂuids, itwas felt important to
verify its application to non-Newtonian ﬂuids. For generalized
Reynolds numbers until 500 (De(g) = 80), the ﬁt to the CMC experi-
mental data is EuGrhc ¼ 22:14Re0:92g and for 500 < Reg < 3004 is
4:73Re0:68g . Both ﬁts are close to the expressions presented by Ali
for Newtonian ﬂuids. For solutions of XG it was not possible, not en-
ough data, to apply the study of Ali in the range, Reg < 500. For the
range 500 < Reg < 3004 the expression ﬁtted is EuGrhc ¼ 3:46Re0:60g .
Fig. 19 shows the application of Ali study to CMC and XG solu-
tions. From this ﬁgure, it can be taken important inferences:
– for Reg until 500 (De(g) = 80) the results for Newtonian and non-
Newtonian ﬂuids overlap;
– there is a change of the ﬂow regime at Reg of 500 (De(g) = 80) for
CMC solutions and also for glycerol solutions.
– For Reg higher than 500 there is a different behavior of the CMC
and XG solutions. The friction factors of the XG solutions are
higher but the functionality between EuGrhc and Reg, for both
solutions, is that proposed by Ali [4].
– According to the data, the friction factors in non-Newtonian ﬂu-
ids decrease with an increase of the shear thinning behavior and
seems to increase when the elastic behavior increases.
The last inference should be tested with other ﬂuids with differ-
ent rheological behavior.
5. Conclusions
To calculate the friction factors for Newtonian ﬂuids ﬂowing in
a helical coil with simultaneous heat transfer at constant wall tem-
perature, one can use, with accuracy, the correlations in the litera-
ture for isothermal ﬂow. No signiﬁcant difference between the
values calculated with the physical properties at the mean ﬁlm
temperature of the ﬂuid (Tf) and at the mean bulk temperature of
the ﬂuid (Tm) was found.
The correlation of Hart et al. [14], valid for isothermal ﬂow, ﬁts
well the experimental data.
Ali [4] observed twoﬂowpatterns along the laminar regime,with
a critical Reynolds number at 500 (De = 80). The Newtonian data of
the present study conﬁrm Ali conclusions even with heat transfer.
For non-Newtonian ﬂuids the most important conclusions are:
– for modiﬁed Dean numbers less than 80, the CMC results are
similar to those obtained with Newtonian ﬂuids;
– for modiﬁed Dean numbers greater than 80 the CMC results are
lower than those obtained with Newtonian ﬂuids, a maximum
deviation of 20 %
– for De(g) > 80, the CMC results are well represented by the the-
oretical correlation of Mashelkar and Devarajan [15], valid for
isothermal ﬂow and for ﬂuids that follow the power law;
– for De(g) > 80, the CMC results are well represented by
Mashelkar and Devarajan [16] correlation valid for the same
conditions of Mashelkar and Devarajan [15], but also taking in
account the elasticity;
– for De(g) > 80 the CMC results are well represented by the theo-
retical correlation of Kawase and Mooyoung [18] valid for
inelastic ﬂuids following the power law;
– the XG data, De(g) > 80, are higher than the CMC data for the
same range, so an increase of the elasticity seems to induce high
friction factors, at least when there is simultaneous heat
transfer;– CMC and XG data are not dependent on the temperature at
which the physical properties are determined (Tm and Tf).
The application of Ali [4] study to non-Newtonian ﬂuids shows
that for laminar ﬂow there are two regimes with a critical general-
ized Reynolds number of 500 (De(g) > 80), the same value observed
by Ali and also that obtained for the Newtonian solutions of the
present work with heat transfer.
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